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DISTRIBUTION OF VALUES OF SYMMETRIC POWER L-FUNCTIONS 
AT THE EDGE OF THE CRITICAL STRIP 

XUANXUAN XIAO 


Abstract. We study some problems on the distribution of values of symmetric power 
L-functions at s = 1 in both aspects of level and weight: bounds of these values, extreme 
values, Montgomery-Vaughan’s conjecture and distribution functions. Our results generalize 
and/or improve related results of Royer-Wu [23], Cogdell-Miclrel 1 2] , Lau-Wu pL4] H2] and 
Liu-Royer-Wu [TB] . 


1. Introduction 

The values of L-functions at the edge of the critical strip contain interesting arithmetic 
information. In the case of Riemann (/-function, it is well known that the prime number 
theorem is equivalent to the non-vanishing of </(l + ir) for r G M. The study on distribution 
of values of Dirichlet L-functions associated with real primitive characters Xd at s = 1 has 
a long and rich history. We refer the reader to Granville and Soundararajan’s excellent 
paper [5] for a detail historical description. In particular they [5[ Theorem 1] proved a deep 
conjecture of Montgomery and Vaughan concerning the distribution of values of L(l, \d) 
(see m Conjecture 1]) with the help of Graham-Ringrose’s bounds for short character sums 
with highly composite moduli [3]. 

In this paper we are interested in the distribution of values of the symmetric power L- 
functions at s = 1 in the level-weight aspect. Let us begin by presenting some standard 
notations in this field. Let k be a positive even integer and A be a positive square free 
integer. Denote by J~C£(N) the set of normalised newforms of level N and of weight k. We 
have 

(1.1) IJCKAOI = A/bw + o((kN y 3 ), 

where <p(N) is the Euler function and the implied constant is absolute, 
upper half complex plane and write the Fourier expansion of / G df^(A) 

OO 

f(z) = A f (n)n (k - 1)/2 e 2ninz (z el), 

n =1 

where A f(n) is the n-tli normalized Fourier coefficient of / satisfying the 

(1.2) U(m)A,(„)= £ 

d\(m,n) A f 

( d , N )=1 
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Denote by El the 
at the cusp oo as 


Hecke relation 


l 




for all integers m,n ^ 1. According to Deligne, for / £ !H£(Af) and any prime number p 
there are £/(p) = ±1, «/(p) and /3f(p) such that 


f\af(p)\ = a f {p)Pf{p) = l if p\N 

l «/(p) = £f(p)/y/P, Pf(p) = 0 if p | iV 


and 


(1.4) X f (p u ) = a f (p) u + a f (p) u 1 Pf(p) + --- +P f (p) u 0). 

The m-th symmetric power L-function attached to / £ !H£(iV) is dehned as 

(1.5) L(s, sym m /) JJ ]~[ 


p O^j^m 


for a > 1, where and in the sequel we dehne implicitly real numbers a and r by the relation 
s = a + ir. According to [2| Section 3.2.1], the gamma factors of L(s, syrn m /) are 


( 1 . 6 ) 


sym m f) := 


] | r c (s + (u + \)(k — 1)) ifm = 2n + l, 

0<i'^n 

r R (s + 5 2 \n) r c (s + u{k - 1)) if m = 2 n, 




where Tr(s) := 7r s / 2 r(s/2), Tc(s) := 2(27 t) s T(s) and <5 2 fn = 1 if 2 { n and 0 if not. For 
1 ^ m ^ 4, the complete symmetric power L-function 

A(s,sym m /) := N™/ 2 L o0 ( S , S ym m f)L( S , S yrn m f) 

is entire and satishes the functional equation 

A(s, sym m f) = £ sym ™ f A(1 - s, sym m f) (s £ C), 

where e 

sym m f = ±1. 


1.1. Bounds of L(l,syrn m /) and its extreme values. 

The distribution of values of symmetric L-functions at s = 1 has received attention of 
many authors during the last twenty years [TJ H6J EH EQl El E31 El EU EH US] - Diverse 
methods or techniques have been developed and great progress achieved. 

When / £ “Kl(N) and m— 1,2, Hoffstein and Lockhart [7] proved that 

(1.7) (log(kN)p 1 < L(l, sym m f) <C log(fciV), 


where the implied constants are absolute. 

Luo [16] considered the case of Maass forms. Let {fj(z)\ be an orthonormal Hecke basis 
of Lq(T \ H) and \ + tj (tj ^ 0) be the Laplacian eigenvalue of fj(z). He proved that 


( 1 . 8 ) 


lim 

T—>oo 


10 • h « t}| 


T Vl.syrir/V 1 

tj^T 


M r 2 

syrrV 


for all integers r ^ 1, where iWJ 2 is a positive constant depending on r and verifying 
logMJ 2 •C rlog 2 r (log^ denotes the j-fold iterated logarithm. See (j4.8j) below for an 
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explicit expression for MJ ym2 ). As an immediate consequence of (11. 8 ft . he stated the following 
corollary: 


(1.9) 


lim 


r^oo \{j : tj < T}| 


£ 1 = no 


tj^T 

L(l,sym 2 


at each point of continuity of a distribution function F(t). 

In |2Tj, Royer considered the holomorphic case. Denote by P~(n ) the least prime factor 
of n with the convention P~{ 1 ) = oo. He established the analogue of (11.81) for holomorphic 
forms : 


( 1 . 10 ) 


lim 

N—>oo 
P~(N)^N £ 


l 

iwi 


E 1 /( 1 , sym 2 /) ±r 

/6M*(AT) 


M 


±r 

“sym 


2 


for all integers r ^ 1 and any e > 0 , and showed that 


log M sym2 = 3r log 2 r + O(r) (r -»■ +oo). 

Some interesting combinatorial interpretations on and M symm (m = 1, 2) can be found 

in 123 and [ 6 ], respectively. Further the authors of these papers showed, with the help of 
these combinatorial interpretations, that 


( 1 . 11 ) logM sy r ml = 2 r log 2 r + 2(7 - 2 logC( 2 ))r + 0(r/ logr), 

(1.12) logM - 2 = r log 2 r+ (7 - 2 logC(2))r + 0(r/ logr), 

(1.13) log M symm = (m + l)rlog 2 r + (m + l)yr + 0(r/logr) (m = l,2), 

for r —>■ 00 , where 7 is the Euler constant. From (ll.lOj) . (11.121) and (11.131) with m = 2, we 
immediately deduce that the set 

{L(l, S ym 2 /),i(l,sym 2 /)-‘ : / £ MJ(JV)} 

is not bounded when N —)■ 00 with P~(N) ^ N £ . 

In order to give a quantitative version of this statement, Royer and Wu [23] analysed 
dependencies in parameters N and r carefully. This analysis requires a radical change of 
techniques used in [ 2 Tj . Let 

2 vr 2 

Uf ' (k-l)ip(N)L(l,sym 2 f) 

be the harmonic weight which appears in Petersson trace formula. They sharpened (11. 101) 
as follows : Let k be a fixed even integer. Then there is an absolute constant c such that 

(1.15) Yi ^;i(l.sym 2 /) ±r = 0 ((log 2 JV)- 1 ) } + 

/6M*(AT) 


uniformly for all r G N and N G N with P ( N ) ^ log N, where the implied constant depends 
only on k. From this it is easy to deduce that there is f± G CH/(A7) such that 

(1.16) L(l,sym 2 /_) (log 2 A^) _1 , L(l, sym 2 / + ) (log 2 A ^) 3 


for all Af GN with P (N) ^ log N. Further they also showed that 

(1.17) (log 2 Ny 1 L(l, sym 2 /) (log 2 N) 3 
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for all N G N with P~(N ) ^ log IV and / G J-C^(N) provided the Generalized Riemann 
Hypothesis (GRH) for L(s, sym 2 f) holds. Therefore (11 . 16(1 is optimal with regard to the 
order of magnitude. They also showed that the set 

{^(1) s ym 2 /), L(l, sym 2 /) -1 : / e 

is bounded when j —> oo, where pj is the j-th prime and Nj — P\ ■ ■ ■ p r Therefore a condition 
of type P~(N) ^ log IV is indispensable. 

net Cogdell and Michel introduced a more conceptual approach. By providing a natural 
probabilistic interpretation, they interpreted the complex moments for symmetric power L- 
functions by the expected value of an Euler product defined on the probability space : 

( 1 . 18 ) = f rRl-e^VT^cW. 

V 77 3=0 


This new method has two advantages: On the one hand, they can calculate the complex 
moments of L(l,sym m /) for all integers m ^ 1 (unconditionally for 1 ^ m ^ 4 and under 
their hypothesis sym m (lV) for m ^ 5 : For all / G TC£(1V), L(s, syrn m /) is automorphic.); on 
the other hand, with the help of the formula (11.18)1 . they can rather easily evaluate M s r ymm 
for all real r —> oo (avoiding complicated combinatorial analyze in [20} E]). Thanks to this 
new method, Codgell and Michel can generalize and improve Royer-Wu’s (11.171) and (I1.16|) 
as follows: Let N be a prime and / G DR; (IV). Under GRH for L(s, sym m /), one has 

(1.19) {1 + o(l)}(2R“ log 2 N)~ a ™ < L(l, sym” 1 /) < {1 + o(l)}(2R+log 2 N) A ™ 


for N —> oo, where A± and B± are positive constants defined as in (14.5(1 below. We have 
' A+= 771 + 1 , B+= e 7 (m G N), 

A~ =7Ji+l, R~=e 7 C(2)“ 1 (2 tO, 

0 = 1, H 2 - = e 7 C(2)- 2 , 


( 1 . 20 ) 


A- — 5 

71 4 — 4 , 


B 4 = e 7 R 4 *, 


and B 4 + is an absolute constant given in m Theorem 3]. On the other hand, they showed 
that there are G TC 2 (1V) such that 

( 1 . 21 ) 


£(s,sym"7±) | {l + o(l)}(S±log 2 iV) 


±Ai 


for all primes N —> 00 . 

Lau and Wu obtained the analogues of (11.191) and (11 .21 jl in the weight aspect (see [HJ 
Theorem 2 and 3]). In order to prove these results, they showed that for /, g G CKj£(l) the 
archimedean local factor of the Rankin-Selberg L-function L(s,sym m / x sym m g) is 


(1.22) L^s, sy m m f x sym m g) = T R (s)' 52 i™r c (s) [m/2 ] +<52 +- JJ T c (s + u{k - l)) m U+1 


and established a density theorem on the zeros of L(s, sym m f) in the weight aspect (see [IT. 
Proposition 2.1 and Theorem 1]). 

In this paper, we shall study the distribution of L(l, syrn m /) in both aspects of level and 
weight by refining the methods of [231 El H4j . The statements of our results are restricted 
to the symmetric first, second, third and fourth power because those are the ones currently 
known to be automorphic and cuspidal (for square free level N and trivial nebentypus, where 
no CM forms or forms of weight 1 exist), but the method will apply for higher powers when 
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automorphy and cuspidality become known. Since we consider the level aspect and the 
weight aspect at the same time, the situation will be more complicated. In order to describe 
precisely the relation between the extreme values of L(l,sym m /) in the level-weight aspect 
and arithmetic properties of N, for each positive constant 5 > 0 and even integer k ^ 2 we 
define the set of levels : 

(1.23) N fc (S) := [N G N : p(N) 2 = 1 and P~(N) ^ E log(fcJV) log 2 (JWV)}, 

where /i(n) is the Mobius function. 

Our first result is as follows. 


Theorem 1. Let H be a positive constant and m = 1,2, 3, 4. 

(i) For f G !K^(1V), under Generalized Riemann Hypothesis (GRH) for L(s,sym m /), we 
have 

(1.24) {l + o(l)}(2B-\og 2 (kN))- A ™ <: L(l,sym"*/) < {1 + o(l)}(2B+\og 2 (kN)) At 

for kN —y oo with 2 | k and N G Nfc(S). 

(ii) There exist f± G TCl(N) such that 

(1.25) L(s, sym m /±) g {1 + o(l)}{B± \og 2 (kN)) ±Am 
for kN —> oo with 2 | k and N G Nfc(H). 

Here and are defined as in (jl . 20[) (see also (I4.5[) below) and the implied constants 
depend on 5 only. 


Remark 1. (i) Taking k — 2 in Theorem [TJ we obtain a generalization of Codgell-Michel’s 
(1 1.19 j) and fll.2ip . since ^(S) contains all primes for some suitable positive constant 5. 

(ii) Taking N — 1 in Theorem [TJ we can get Lau-Wu’s corresponding results (see m 
Theorem 2 and 3]), since 1 G Nfc(S) for all even integers k ^ 2 and any positive constant S. 

(iii) As in HI Theorem 3(i)], we can prove that the bounds 

(1.26) (log : 2 (kN))~ A ™ « L(l, sym m /) « (log 2 (kN)) A ™ 

holds unconditionally for almost all / G TC^(A^) and 1 ^ m ^ 4. 


l. 2. Montgomery-Vaughan’s first conjecture. 

Montgomery-Vaughan three conjectures describe very precisely the behavior of distribu¬ 
tion functions of L(l,Xd) around their extreme values [19] , In this subsection, we consider 
the analogue of Montgomery-Vaughan’s first conjecture for L(l, sym m /). For a fixed integer 

m, consider the distribution function 


(1.27) 


ym m ) : = 


1 

Wim 


E 

L(l,sym™/)§(B±t)±^ 


1 . 


In view of Theorem [TJ the analogue of Montgomery-Vaughan’s first conjecture for automor- 
phic symmetric power L-functions can be stated as follows: For any fixed constant S > 0, 
there are positive constants C 2 > c\ > Co > 0 depending on 5 such that 

(1.28) e -c 2 (iog(fcJv)/io g2 (fcw) ^ (i 0 g 2 (kN) , sym m ) ^ e -ci(iog(fcv))/io g2 (fciV) 

for kN ^ c 0 with 2 | k and N G Fh(S). 
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This problem was first studied by Lau and Wu 
of (I1.28P when N — 1 and 1 ^ m ^ 4: 


They proved the upper bound part 


(1.29) 


F±i(log 2 /c,sym”*) < e -c{io e k)/i^,k 


for all even integers k ^ cq. ft is quite remarkable that, despite the difficulties in handling 
modular forms as efficiently as Dirichlet characters, this result is almost as good as those of 
Granville and Soundararajan [5] in this other case (moreover, they use a different method 
at crucial points, where tools such as the Graham-Ringrose bounds for short character sums 
with highly composite moduli are unavailable). The main tool is their large sieve inequality 
(see [131 Theorem 1] or Lemma [6.11 below). which also is quite likely to have other uses in 
this field. About the lower bound part of Montgomery-Vaughan’s conjecture ( 11 . 281 ) , Liu, 
Royer and Wu [T5] obtained a slightly weaker result for m — 1 and N — 1 : There are three 
absolute constants C 3 , c\ and C 5 such that 


(1.30) 


F ii ( , 0 S 2 k - | io S 3 k - log 4 k - c 3 , sym 1 ) ^ exp f - c„ 


log k 


(log 2 k)V 2 log 3 k 


for k ^ c 5 . 

We shall generalize and/or improve (ll.29p and (jl.30p as follows. 

Theorem 2. Let S be a positive constant and m = 1,2, 3,4. 

(i) For any e > 0, there are positive constants c 6 and c 7 depending on e and 


such that 


F, 


t N { l °S2 (kN) + 0,syrn m ) ^ exp(^ - c 6 (|0| + 

for kN ^ c 7 with 2 | k and N G Nfc(H) and log £ ^ (f> ^ 9log 2 (.kN). 

(ii) There are positive constants c$, eg and cio depending on S such that 


F k,N{ l °S 2 ( kN ) ~ log, 3 (kN) - log 4 (kN) - c 8 ,syrn m ) ^ exp 
for kN ^ cio with 2 | k and N G Nfc(S). 


c 9 log (kN) 


log l(kN) log 3 (kN) 


Remark 2. (i) Taking (j) = 0 in Theorem [2](i), we get the upper bound part of Montgomery- 
Vaughan’s first conjecture (I1.28P in the level-weight aspect. 

(ii) Theorem |2](ii) can be regarded as a weak version of the lower bound part of Montgomery- 
Vaughan’s first conjecture (11. 28ft . 

(iii) Since 1 G Nfc(S) for all even integers k ^ 2 and all positive constants 5, it is easy 
to see that Theorem Hi) and (ii) generalise and improve (11 . 29p of Lau-Wu and/or (ll.30p of 
Liu-Royer-Wu, respectively. 

1.3. Weighted distribution functions. 

Motivated by the works of Granville-Soundararajan [5] and of Cogdell-Michel [2] and 
in view of the Petersson trace formula, Liu, Royer and Wu [TS] introduced the weighted 
distribution functions : 

^k,N^ s ym m ) : = 1 


V £ 




(1.31) 























where cof is defined as in (11.141) . By using the saddle-point method, they evaluated (j 1.31 [) for 
N — m — 1: There are three positive constants and C such that we have, for k —> oo, 

jl + O 

uniformly for t ^ log 2 k — | log 3 k — log 4 k — C, where the implied constant is absolute. 
As they noted, their method should work in the symmetric power case but with additional 
technical issues. In [12], Lamzouri studied a large class of random Euler products and gave 
a quite general result [12|, Theorem 1 ], As a corollary, he obtained the evaluation of (j 1 . 31 [) 
with sign + and k — 2 in the prime level aspect: 

(1.33) &+ N (t, sym rra ) = {1 + o(l)} exp ^ ^ |l + O 

uniformly for all prime numbers N and t ^ log 2 N — log 3 IV — 2 log 4 N. We note that the 
domain of validity of t is slightly lager than that of (11.321) but the error term is slightly 
weaker than that of (j 1 . 32 p . 

By refining Lamzouri’s method [12], we can prove the following result. 



(1-32) jy^i.sym 1 ) = {1 + o(l)}exp f - '—L 


Theorem 3. Let S be a positive constant and m — 1,2, 3,4. Then there is a positive constant 
Cn depending on S such that we have 

sym m ) = {1 + o(l)} exp ( - AAjl + o(T) }) 

uniformly for kN —> oo with 2 | k and N e Lh(S) and 


t ^ log 2 (fcA r ) - log 3 (kN) - log 4 (kN) - c u , 


where are constants depending only on m defined as in Lemma 1.2 below. Here the 
implied constants depend on S only. 


Remark 3. (i) Clearly Theorem [3] generalizes and improves (ll.32p of Liu-Royer-Wu and 
(I1.33P of Lamzouri. 

(ii) Theorem [3] also completes (I1.33P of Lamzouri by proving similar result in the case of 
sign —. 


According to (11.71) . it is not difficult to see that 

(1.34) &± N (t, sym m )/ log (kN) « F± N (t, syrn m ) « &± N (t, syrn m ) log(kN) 

for all even integers k ^ 2, square free integers IV ^ 1 and real numbers t > 0, where 
the implied constants are absolute. From Theorem [3] we immediately deduce the following 
corollary. 


Corollary 1. Let 5 be a positive constant and m = 1,2, 3,4. There exist four positive 
constants Cn, c 12 , ci 3 , c i4 depending on S only such that 

e -ci 2 iog(feiv)/(iog|(feiV)iog 3 (fciv)) ^ F^f N (T k N , sym m ) <C e _cl3log ( feJV )A log l( fcJV ) log3 ( feAr ))_ 

for kN ^ cu with 2 \ k and N G Nfc(S), where T^n := \og 2 (kN) — \og 3 (kN) — \og 4 (kN) — Cn. 
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1.4. Density theorem on symmetric power L-functions in the level-weight aspect. 

In the methods of [231 [2j [IT] , theorem of density plays a key role. A rather general density 
theorem on automorphic L-functions in the level aspect was established by Kowalski and 
Michel |TQ, Theorem 2] and used in [2jJ [2]. A similar density result in the weight aspect was 
obtained by Lau and Wu m Theorem 1], In order to prove our Theorem [H it is necessary 
to establish a density theorem on symmetric power L-functions in the level-weight aspect. 
Denote N(a,T,sym m f) the number of zeros p = f3 + ry of L(s,sym m f) with j3 ^ a and 
0 ^ 7 ^ T. 

Our density theorem is as follows. 

Theorem 4. Let a > e > 0, 1 ^ m ^ 4, r > 0, E m>r = (m + l)(m + r) + 8 and 
E'm r = (2m + r)(m + 1) + m + 12. Then we have 

Y N(a, T, sym m f) < Qj£!r r 1+1/r it E " 1 ’ r(1 -“) /(3 - 2a)+£ A E ^( 1 - Q )/( 3 - 2Q ) +E ) 

uniformly for 2 | k, square free N and T ^ 2, where the implied constant depends only on a, 
e and r. 


The density theorem shows that on average over the family J-C%.(N) there are very few 
forms with zeros in the critical strip with real part near the line 9ftes = 1. This theorem is 
useful only when a is very close to 1 and the T-aspect is essentially irrelevant. For p G (0, |), 
define 

K+(N-,r,,m) := {/ e JC k (N) : L(s,sym”/) + 0 ,s 6 S}, 

i), m) - JCJ(JV) \ 3C+(JV; ,,, m), 

where 

§ := {s : 1 — p ^ a < 1, |r| ^ lOO(kN)' 1 } U {s : a ^ 1}. 

By using Theorem [4] with r — 1, we have 


(1.36) 


J{-(JV; i), m) ^ Yi N 0~ 1. lOO(feJV)’ 1 , sym"*/) 

< IV(1 - p, 100(kN)\ sym m f) <£ v (kN) 65lt . 

/6M*(V) 


For 77 < we have 

(1.37) |d{+(iV;77,m)|~|^(iV)|. 

As t K^{N\p^m) has almost the same size as fKj!(IV), we replace !H£(IV) by TC^(N-,p,m) in 
the applications and the density theorem can partially play the role of Generalized Riemann 
Hypothesis. 


2. Some lemmas 

In this section, we shall establish some unconditional and conditional bounds of L(s, sym m f) 
in the critical strip, which will be useful later. 


2.1. Automorphic L-functions and convexity bounds. 

The m-th symmetric power L-function attached to / G CF££(1V) defined as in (1 1.5 has the 
Dirichlet series for a > 1, 

OO 

L(s, syrn m /) = A sym m / (n)n _s , 

n=l 

where A sym mf(n) is multiplicative and admits 

(2.1) |A S ym m /(^)| ^ (n) (n ^ f)* 

Here d 2 (n) = d(n) and d m +i(n) := J2 t \ n d m (£). 

The symmetric L-function has the degree d — m + 1, the conductor Cond(sym m /) = fV m 
and extends to an entire function on C by the functional equation given in the next section 
without any poles. 

For m G N and f,g G fit/(A), the Rankin-Selberg L-function of sym m / and sym m g is 
defined by 

(2.2) L(s, sym m / x sym” 9 ) := J] [] (1 - o/W-yWyW-'AWVT 1 , 

p 

with Dirichlet series expansion 

OO 

^ ^ A s y m inj xs y m m^(?l)'n 
n=l 

It extends to a meromorphic function on C which has no pole except possibly at s = 1 if 
and only if when f = g. What’s more, we have 

Asym m /xsym m g(L) A S y m m f (p) A S y m mg (p), 

for unramified p \ N. The conductor of Rankin-Selberg L-function of syrn m / and sym m # 
denoted by Cond(syrn m / x sym m #) satisfies (see p]) 

Cond(sym m / x syrn m #) ^ (Cond(syrn m /)Cond(syrn m ^)) m+1 = A 2m(m+1) . 

Let L 00 (s, sym m f x sym" 1 #) be the archimedean local factor given as in (ll.22p . The complete 
symmetric power Rankin-Selberg L-function 

A(s, sym" 1 / x sym m g) 

:= Cond(sym m f x syrn m c/) s/2 L 00 (s, syrn m / x syrn m #)L(s, sym" 1 / x sym m g) 
satisfies the functional equation 

A(s, sym" 1 / x sym" 1 #) = £sy m -/xsym- 9 A(l - s, sym'"/ x sym™/ (s G C) 

With £sym rn fxsym rn g = Al- 

We denote the special Rankin-Selberg L-function 

(2.3) £(s, sym’"/ x sym" 1 #) := ^ A sym m f (n)X sym m g (n)n~ s . 

n^l 

We have the convexity bounds for these automorphic L-functions. 
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Lemma 2.1. Let 1 ^ m ^ A, 2 | k, N be square free and f,gE TC^IV). For 0 ^ a ^ 1 and 
any e > 0, we have 

N m(l-a)/2+e^ k+ | r |)([m/2]+l)(l-<r)+e if 2 \ m 


N m(l-a)/2+e^ + | r |j(l-«r)/2^ + | r | )[m/2](l-a)+ e 2 \ m 


(2.4) L(s, sym m f) < 
and 

( 2 . 5 ) L(s,sym m / x syrn m c/) < jv m(m+1)(1 - CT)+£ (l + |r|) (m+ 1 ) ( 1 - <T)/ 2 (A; + | r |)™(™+i)(i—)/ 2 +e 

(2.6) L( S ,Sym m f X Sym”^) < i V m(m+1)(1 -' T)+£ (l + | 7 -|)( m + 1) ( 1 - tr)/2 (/ i ; + ^m(m+l)(l-a)/2+e 
where the implied constants depend on e only. 

By (j 1.5 f) . we write the Dirichlet series of logarithmic derivative as 


(2.7) 

for a > 1 , where 


“ T s 


■ sym" 1 /) = £ 


A S ym m / (^) 


n= 1 


7T 


if n = p v and p \ N, 


( ®f(p) mu log p 

(2.8) A sym m/(n) = < [a f (p) mi/ + a/(p) (m ^ 2) " H-f a f (p)~ mu ) log p if n = p u and p\ N, 

y 0 otherwise. 

It is apparent that |A sym mj(n)| ^ (m + 1 ) logn for n > 1. 

2.2. Bounds for symmetric power L-functions. 

The following proposition about bounds for symmetric power L-functions will be needed 
later. 

Lemma 2.2. For 1 ^ m ^ 4, 2 | k, square free N and f G “K^N), we have 

L(s, sym m f) < \og m+1 (N{k + |s| + 2)) 
uniformly for 9ftes ^ 1 — 1/ \og(N(k + |s| + 2 )). 

Proof. It suffices to consider — 1/ \og(N(k + |s| +2)). According to the Perron 

formula, and by standard contour shifts and (12.4ft of Lemma [2. 11 we have for any e > 0, 


£ 

71^1 


-Ajym m f( n ) C ~n/Y _ _j_ 


n” 


2m 


( 2 ) 


L(u + s, sym m /)F“r(u) d u 


= L(s,sym m /) + — 


' A-Sftes) 


L(u + s, sym rn f)T(u)Y u d u 


= L(s, sym™/) + 0(N m/4+£ {\s\ + fc)( m+ 1 )/ 4 +e yi/ 2-Sies ). 

Taking Y = _/V m / 2 + 1 (|s| + / c )( m + 1 )/ 2 + 1 and using (12.ID we get the result by the bound of zeta 
function near the line Jfes = 1 . □ 

For / G where rj G (0, |), we get the logarithm logL(s,syrn m /) from the 

integral of logarithmic derivative (I2.7j) since it is holomorphic and has no zero in the region 
S defined in (11.351) . That is 


!o g r(s,syin m /) — £ 


A. 


sym' 




—' n s log n 
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(2.9) 


0 > 1 ). 













Immediately we get the simple bound for logL(s, sym m /), 

(2.10) | log L(s,sym m /)| ^ (m +l)C(cr) (cr-l ) -1 (cr > 1). 

Let us write ao = 1 — rj. With the convexity bound and the Borel-Carathedory theorem, we 
also have for a > a 0 and |r| ^ 100(kN) v , 

( 2 . 11 ) logi(^sym’"/)«MiQ 

The following lemma gives an upper bound of logL(s, sym m /) under GRH. 

Lemma 2.3. Let 1 ^ m ^ 4, 2 | k, N be square free and f 6 LCl(N). Under GRH for 
L(s, sym m f), we have for any e > 0 and any a > 

log L(s, sym m /) « e , Q [log (N(k + |s| + 3))] 2 M +£ 

uniformly for a ^ a ^ 1 and rgl. 


Proof. We denote F(s) := log L(s, sym m f). Under GRH for L(s,sym m f), F(s) is holomor- 
pliic for Jtes > 1. With the convexity bound of (12.41) . we have 

9fJe log L(s,syrn m /) < C\og(N(k + |r| + 3)) (a > §). 

Applying the Borel-Caratheodory theorem, we choose s' = 2 + ir, R' — ~ — |5 and r' — | — S, 
where 0 < 6 < 1 will be chosen later. Then we have 


max 

|s— s'\=r' 


I^OOI 


< 


< 


2 r' 


max 


5ReF(s) 


R' + r' 


7 I*V)I 


R' — r' p-s'|=i?' R' 

(6/5 - A)ClogN(k + |r| + 3) + (6/5 - 3 )C 


< C5 _1 \og(N(k + |r| + 3)). 


So for 5 + 1 ^ (Re s ^ | — 5, we have 

(2.12) |F(s)| < C6- 1 log(N{k + |t| + 3)). 

Denote M(r ) := max |F(s)|. Applying the Hadamard three circle theorem with the center 

|s—so|=r 

So = cn + in (1 < 0 \ ^ N(k + |r| + 3)) and r\ = o\ — 1 — 5, r 2 = ct\ — cr, r 3 = a\ — 1 — 5, we 
have 

A/(r 2 ) ^ A/(r 1 ) 1 - a M(r 3 ) a with a = = 2(1 - a) + 0(5 + l/m). 

Thanks to (I2.12j) . we have M(r 3 ) ^ C5 _1 log(A^(fc + |r| + 3)) and M(r\ ) ^ C5 _1 . Therefore 
we obtain 

I log L(s, sym m /)| < (CVT 1 ) 1 "* (05" 1 log(iV(fc + |r| + 3)))“ . 

At last we choose G\ — | = log 2 AI(A; + |r| + 3), then we get onr result. □ 

We get a better bound than ( 12 .lip without GRH when / e ‘K^(N;r],m). 

Lemma 2.4. Let rj e (0,1) /heed, cr 0 = 1 — 7?, 1 ^ m ^ 4, 2 | fc and A" be square free. We 
have for f e IK/" (AI; rj, m), 


log L(s, sym m /) 


£ 

n=l 


(W[l) e -n/T _|_ 
n s log n 


li 


(2.13) 













uniformly for 3 ^ T ^ ( kN) v , a 0 < a ^ 3/2 and |r| ^ T, where 
(2.14) R <&„ r -(*-*o)/2 (log(fciV))/(o . - a 0 ) 2 . 

Furthermore for any 0 < e < 1 and | < a < 1, under GRH for L(s,sym ,n /) where 
f G tKKN), the formula (12.131) holds uniformly for a ^ a ^ f and T ^ 1, with 


R < £ , a T- (ff - Q) (log(fclV)) 2(1 - Q)+£ . 


Proof. We have 


-A-sym m f( n ) -n/T _ _J_ 


Y 'a 1 ~ e 

■' n A log n 

n =2 


r»2+ioo 


27ri 


T(z - s) log L(z, sjm m f)T z - s dz. 


' 2—ioo 


Shifting the line of integral to the path 6 consisting of the straight lines joining 
k — ioo, k — 2i T, < 7i — 2i T, o\ + 2i T, k + 2i T, k + ioo, 
where k — 1 + 1/ logT and G\ — (a + cr 0 )/2, we have 

f; %p41e-”/ T = log L(s, sym"7) + zb f r(z - s) log L(z, sym”/)!”- dz. 
n s log n 27ti 


n=2 


By (12. 10p and (12.lip , the last integral is 
T ai ~ a log (kN) f 


•C 


a - cr 0 

log (kN) r 

v-<?o Ja, 


1 |r(<7i -a + iy)\dy 

J\y\^3T 

T x ~ a \T(x - a + i(T - r))| dx + T 1-CT+e 


|r(K-<T + iy)|dy. 


1 >T 


Then we can get (12.131) and (12.14p with the Stirling formula. Under GRH, we use the same 
method and shift the line of integration to Jie z = a' = a — s' > 1 where s' min(e, a — |). 
Then the last integral will be 

1 /»a'+ioo 


R = 


27ri 


« e ,a T a 


T(z - s) log L(z, sjm m f)T z ~ s d^ 


r»+OQ 


\T(a' - a+ iy)\(logN(k + \y\ + 3)) 2(1 Q ' )+£ d y 


< £ , Q T- (CT - Q) (log(fciV)) 2(1 -“)+ 2£ , 

according to Lemma 12.31 Then we complete the proof of the lemma. □ 

Lemma 2.5. Let r) G (0, |) fixed, 1 ^ m ^ 4, 2 | fc and N be square free. For any 
f G we have 

logi( S ,sym”7) «„ ( ‘° S( ~ 1 + logaflOfcJV), 

alog 2 (kN) 

uniformly for a ^ 1 — a > 1 — 1?/ and |r| ^ (log(fciV)) 4// '' ? . 

Proof. We take T = (log (kN)) 4 ^ in Lemma [2.41 then the error term will be 0(1). For the 
summation, it is 

< Yp ~ ae ~ p/T +°(!)• 
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Divide the summation into two parts, 

y~^p~°e~ P//T ^ + 'y^/p~ <T e~ p ^ T ■ 


p^T 


p>T 


For the first sum, it is 


1 (log (kN)) 4a ^ -1 / i \ 

^ X TlWf ^ -+ log 3 (10fciV). 


p^T 


P 1 


a log 2 (kN) 


Here we have used the fact that for 1/2 ^ a ^ 1 and y ^ 3 


E=« * 


1 —£7 


p^y 


P a (1 — a) log?/ 


+ log 2 y. 


For the second sum, we have 


« f 

p>T J 7 


-t/T 


•c 


T 

rj'l—a 


d (X^ 

p<;t 


— -——— + log 2 T + — 

(l-o-)log T T 


^/tJ——— + e -*/ T log 2 t) d t 


(1 - a) log t 


«,WC2 + tgl( io^. 


^ aHog 2 (A;A0 
Then we get our result. 


□ 


With the bound above, we can write the logarithm of symmetric L-functions as the fol¬ 
lowing Dirichlet series. 

Lemma 2.6. Let r) G (0, A), 1 ^ m ^ 4, 2 | k and N be a square free number. Let 
x = exp{-y/log(/clV) /7(m + 4)}. Then we have 


logL(l,sym m /) = ^ X log (l - a f (p) m 2j p x ) 


-l 


(2.15) 


p^x 0<j<m 
p\N 


XI log (1 ~ a f(p) m P X ) 1 + 0 ( log 1/2 ( kN )), 


p^x 

p\N 


for f G JC£(N;r),m). The implied constant depends on r) and m. 

Proof. Let T = (log^kN)) 4 ^. In view of (]2.9j) . we have according to Perron formula 


E 

2 ^n^x 


. 2 T 


As ym^/W 1 D/log^+iT 

———- =- / logL(s + l,sym /)—ds + O 

n log n 2m J 1/logx _ iT s 


log (Tx) 1 

T + x 


Move the integration to a = —\y, and estimate logL(s, syrn m /) by Lemma 12.51 (with a = 
177 ), then we obtain 

A sym m / (n) _,_ r ^ __^ flog(kNTx) | log(fcJV) logT ^ 


E 

2 ^-n^x 


n logn 


log A(l, sym m /) + O ( - 


T 


x 


.P/4: 


= log L(l, sym m /) + 0((log(A:iV))- 4 A +1 ). 
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(2.16) 

















On the other hand, (12. 8 p allows us to deduce 

Agym m /(p 


A S ym_ \ \ ^ 

n log n ' p v log p v 

2 p^x jy ^log x/logp 


E 


E E 


a 


ApY 


a f (pY (m - 2j) 


z/»" z —' z —' z —' up 

p^x v^Aogx/logp p^x i/^\og x/logp O^j^m 

p\N p\N 


Y1 { lo s f 1 

r><T t ^ ' 


p^x 

p\N 


Q/(P) 

P 


m\ 1 + 0 f log p 


E E {log (i - 

n<Cnr n<'d<'m ^ ' 


«/(p) 


x 3 / 2 log a; 

m—2j \ — ^ 

+ 0 


p^£ 0<j<m 
p\N 


log p 

p J \xlogx 

Whence we obtain our result from (12. 16(1 thanks to the prime number theorem 


□ 


3. Proof of Theorem Q] 

As in m Theorem 1], we shall follow the method of Montgomery [18] , First of all, we 
shall make a factorization of the symmetric power L-function. In the following, we fix a real 
parameter z ^ 1 (to be chosen explicitly later). We denote P(z) = Y\ P<Z P- 

Lemma 3.1. Let f G < K* k {N)pm G N and z > (m+ l) 2 . For a > 1, we have a factorization 

L(s, sym m /) -1 = G f (s)L\s,sym m f) 

with 

L b (s,sym m /) := ^ A sym m / (n)/i(n)n _s , 

(n,P(*))=1 

where Gf(s)is holomorphic and has neither zeros nor poles in a > \ and Gf(s ) <C Z;£ 1 
uniformly for a > \ + e. 

Proof. The proof is the same as Lemma 5.1 in [13] and Lemma 9 in [TO]. □ 


The second lemma is a large sieve inequality on the Hecke eigenvalues in the level-weight 
aspects. Similar results in level aspect and in weight aspect have been obtained by Duke 
and Kowalski [3] and by Lau and Wu [13] , respectively. Since the proof is rather similar, the 
only difference is to replace the convexity bound for L(s, sym m f x sym m g) in level aspect or 
in weight aspect by our convexity bound in level-weight aspect. Thus we omit it. 


Lemma 3.2. Let and {a^}^L be a sequence of complex numbers. Then 

for any e > 0 , we have 


E 

/ 6M*(7V) 


^ ^ &l^sym rrL fA') 
HL 


< £ (kNf (L + (kN 2 ) Dm L 1/2+£ ) M 2 , 


where D m = m{m + l)/4 + 1 and the implied constant depends only on e. 
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Now we are ready to count the number of zeros of symmetric L-function. First of all, by 
|U Theorem 5.38], we have 

sym m /) - N{\,j - l,sym m f) « log (kNj). 

So Theorem [4] follows immediately if T ^ ( kN) r for given r > 0. We assume 

3 < T < (kN) r . 

Cut a ^ a ^ 1 and 0 ^ r ^ T into boxes of width 2 log 2 (kN). There are at most 
0(log 3 (kN )) zeros in each box a ^ a ^ 1 and Y ^ r ^ Y + 21og 2 (kN). Let n syra mf be the 
number of boxes which contain at least one zero p of L(.s, sym" 1 /). Then 

(3.1) N(a, T, syrn m /) <C n sym m f log 3 (kN). 

So we only need to prove that 

Y n sym™/ <r, £ Tfc Em - r( 1 " a)/( 3 " 2 a)+£ A^ B -^ (1 " a)/(3 " 2a)+£ . 
fex* k (N) 

Consider a ^ \ + 2e. Let x,y e [1, (/ciV) 20m2(1+r )] and we define 

M x ( s , sy m' n /) = G f (s) Y ^sym™f(n)p(n)n~ s , 

n^x 

(n,P(z ))=1 

where Gf(s) and P(z) are given in Lemma [3.11 

Let p = (3 + by with f3 ^ a (> \ + e) and 0 ^ 7 ^ T be a zero of L(s, syrn m /) and 
k = 1/log(kN), ki = 1 — f3 + k (> 0), k 2 = \ — P + £ (< 0). Then 

e~ 1/y = 7-—t [ (1 - L(p + w, sym m f)M x (p + w, sym m /)) r(w)j/ u ’ dw 
^ 7ri i(«i) 

+ x-t [ L(p + w, sym m f)M x (p + w, sym m f)T(w)y w dw. 

^ 7rl 1) 

The zero of L(s, sym m f) cancels the pole of T(w) at w — 0. So we can shift the line of the 
integration of the second integral to the line Jiew = ac 2 . Then we have 

e~ 1/y = 7 }- f (1 -L(p + w, sy m m f))M x (p + w, sym m , f)Y{w)y w dw 

./(ki) 

+ 77 — [ L(p + w, syrn m f)M x (p + w, sym m f)T(w)y w dw. 

J(k 2 ) 

For !Re w = k 2 = | — (3 + e, the convexity bound 02.41) . 02 . ip and Lemma [5TT1 imply 
L(p + w, sym” 1 /) < N m / 4+£ (k + T + |9fm w|) (m+2)/4+£ , 

M x (p + w, sy m m f) < £ x 1/2+£ . 

Thus, the contribution from |QTnw| ^ log 2 (kN) to the second integral of (J3]) is 

< x 1/2+£ y 1/2 ~ a [ N m/4+£ (k + T+ |3mw|) (m+2)/4+£ |r(w)|| dw| 

J | Sm w | ^log 2 (kN) 

< £ x 1/2+£ y 1/2 ~ a N m/4+£ (k + r)( m + 2 )/ 4 + £ e - log2(fciV) < £ , r ( kN)~\ 
with T < ( kN ) r . 
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According to (12. ip . we have L(s,sym m /) ^ C ( s ) m+1 f° r 5tes > 1. So for 5Rew = ki = 
1 — /3 + k,, it follows that 

1 ~L(p + w, sym m f)M x (p + w, sym m f) 

= L(p + v J , sym”>/)G / (p + ») V 

n>x 

(n,P(z))=1 


Then contribution of |Amw| ^ log 2 (kN ) to the first integral of (j3]) is 

< £ (/UV)y-" +K e” log2(fciV) < £ (fcjV)" 1 . 

Then using the fact that 1 ^ C(a + b) —> 1 ^ 2C 2 (a 2 + 6) (where a > 0, b > 0 and c ^ 1), 
we obtain 

1 < £ (. kNfy 2 ^- a) 

flog 2 (kN) 

x / |1 — L(1 + k + i(y + n), sym”'7)M r (l + k + i(y + n), sym m /)| 2 dn 


' — log 2 (kN) 


y 


1 / 2 -a 


flog 2 (kN) 


' — log 2 (kN) 


I La + £ + i( 7 + n), sym m f)M x {\ + £ + i( 7 + n), syrn m /)| dn. 


We separate the boxes into two groups, the odd-indexed and the even-indexed, then any two 
zeros from different boxes in the same group have a distance of at least 2 log 2 (kN). Summing 
the integral over the zeros of these two groups separately, we obtain 


(3.2) 

where 


n S ymm f « (kNfy 2{1 - a) h+y 1/2 - a l2, 


-2 T 


h ■ = 
h ■ = 


r-2 T 


|1 - L{\ + K + in, syrn m /)M x (l + k + in, syrn m /)| 2 dn, 

I L{\ + £ + in, sym m /)M x (| + £ + in, sym m /)l dn. 

For T ^ (fcX) r , we have 

n2T 

(3.3) J 2 < £ / jV m / 4+£ (fc + n) (m+1)/4+£ x 1/2+£ dn < e Tx 1/2+e fc r(m+1)/4+re iV (mr+m+r)/4+re . 

Jo 

For /x, we have 


1 —L(1 + k + in, syrn m /)M x (l + « + in, syrn m /) 


(3.4) 


(kN)‘ 


E 


/r(?7.) A S ym m /(n) 


x<n^X 

(n,P(z))=l 


n 


l + K+itl 


+ (feJV)» ]T 


^m +1 (^) 


n>X 


n 


1 + K 


where X = e 41og2(fc7V) . 

The second sum of (13.4ft is -C (fcX)” 1 . 
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With Lemma 13.21 the first sum in (13.41) is 


E E 

fent(N) L<n^2L 
(n,P(z))=l 




n 


l+K+iti 


<C ( kNf{L + ( kN 2 ) D ™L x/2+e )L- 1 


- 1-2 K 


Separating the range x < n ^ X into dyadic intervals, we get by the Cauchy-Schwarz’s 
inequality 

/i ( n) A S ym m /(u) 


E E 

f&’KUN) x <n^X 
(n,P(z ))=1 


Thus we have 


n 


r 2T 

E a«w/ E E 


1+re+iu 


< (kN 2 ) Dm+£ x~ 1/2+£ + 1. 


l^iri) A sy m m / (ji) 


feXt(N) x<n^X 
(n,P(z))=1 


n 




du + T 


(3.5) /6M*(7V) 

< (kN 2 ) £ T ((kN 2 ) Dm x~ 1/2+£ + 1) . 

Collecting ([372]) , (13. 3 p and (13.5p . we obtain 

Y. n sym m f <C r , £ Tx £ ( kN) 2r£ 

x ^ 2 ( 1 -“)^x + (AW 2 )^" 1 ^ -1 / 2 ) + y 1 / 2 - a x 1 / 2 ] i r i m + 1 )/ 4 + 1 ]\f(. mr + m + r )/ 4 + 1 ^ 

Taking x = ( kN 2 ) 2Dm and y = fc Em W( 2 ( 3 - 2 “)) jvKi,r/( 2 ( 3 ~ 2 Q 0), we get 

X] 'V-/ <r, £ Tfc^^ (1 - Q)/(3 - 2a)+£ ^^ (1 - a)/(3 - 2a) . 

It implies Theorem [4] by ( 13.11) . 


4. Complex moments of L(l,sym m /) 

The aim of this section is to compute the complex moments of L(l, syrn m /) in the level- 
weight aspect. 


4.1. Notations and statement of the result. 

First we introduce some notations which are a bit heavy but carry interpretations in 
representation theory. The details can be found in [2]. For 6 e R, m G N, |x| < 1 and z G C, 
we denote 

g(9) := diag[e l0 ,e _lfl ], 

(41) sym m [9(<?)] := diagfe 1 ^,e 1 ^,... ,e" ime ], 

D(x, syrn m [^(0)]) := det (/ - x- sym m [^(0)]) -1 = JJ (l - e^- 2 ^ 0 *) -1 . 

O^j^m 

And for z e C, m G N and v ^ 0, define A^"[p(0)] by 

BfesynnsM])' = E^lsWK, (N < !)• 
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Then we have 


(4.2) 


Ajl’lsW] = tr( S ym"%(«)]) = 


sin[(m +1)0] 
sin 9 


\ogD(x, sym m [c/(0)]) = tr(sym m [g(0)])x + 0 (x 2 ) (|x| < 1). 

According to (II.3jh for p\N, we can denote aj(p) = e ldf ^ where 0/(p) E [0,7r]. Then 

(4.3) A f (P m ) = Sln|<m + „ = tr(sym"[ 9 (# / (p))]) = A^/Cp))]- 

sin t/ f [p) 

According to (11.5b we have 

L(s, sym”*/)* - f[ (1 - D(p-, sym”*b(0/(P))])', 

p\N p\N 

and it admits a Dirichlet series 

L(»,sym" 7 )' = 


(n)n 


(a > 1). 


n^l 


So A s ym mf(n) is multiplicative and we have 

a z M0f(p))] if p\N, 
d z {p v )\ f {p mv ) if P | AC, 


(4.4) 


Asym m /(P ) 


where d z [n) is a multiplicative function defined by d z (n)n s = ((s) z for (Res > 1. 

We also define 


(4.5) 


:= max ±tr(sym m [g(0)]) = ±tr(syrn m [p(0), 

0e[O,7r] 


Bt--= 


exp {tn„ + (.4*) ‘^(ilogDfp l ..yviii”'[ 9 ('«,y.„)]i - 4-p ')}. 

p 

Here Wq is defined by P 1 ~ 1°§2 ^ + 0(log _1 1 ) and £ [0,x] defined by 

(4.6) 


fl(p- 1 ,sym" > [ 9 (S+ p )]) = max D{p~\ sym^gb)]) 


D^-'.sym^bf^)]) = min D(p- 1 ,sym'"[ 9 (9)]) 

are computed in (1 4) . 

For n e N, we write n — ns'n- ::) with p \ 7ijv p \ N and (n^i, n :Vj j — 1, We define 

( 4 . 7 ) M 4m „ ( iv) : =E D A ( ;Z s(n) 

n^l p\N 

where □jv(n) is defined by 


TT - [’ D(p~\ sym m b(0)])* sin 2 6 AS, 

tar 71 -JO 


f+M :=CN(2s);= n(i-P- 2 r 1 . 


We also put 
(4.8) 


77.—1 


M z •= M z 

lvl sym rn * lvl sym 7 


p\N 


.(i) = Ilf /*£>(?-',sym^bWl) 


21 sin 2 9 dd. 
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About the complex moments of L(l, sym m f), we have the following result, which will play 
a key role in the proof of Theorems |T] and [3j 

Proposition 4.1. Let 7] £ (0, A) be fixed, 1 ^ m ^ 4, 2 | k and N be square free. Then 
there are two positive constants 5 = 5(r]) and c = c{rj) such that 

J2 u f L{ 1, sym m f) z = M s ~ ymm (N) + O v {e- slo ^ kN)/lo ^ kN) ) 

uniformly for \z\ ^ clog(kN)/log 2 (10kN) log 3 (10fcfV). 


4.2. Preliminary lemmas. 


Lemma 4.1. Let 2 | k and N be square free, m £ N and z £ C. For f £ TC£(1V), p \ N and 
integer u > 0, we have 


(4.9) 
where 

Further more, we have 


K^fW) = V 




z,z/ _ 


7r 


A^ i/ [(?(6 1 )] sin[(z/ + 1)0] sin0d0. 


(4.10) 


/C,*/ = zS ( m ’ U ') (° < ^ < Wl), 

1/4^'I ^ < Wi)m(p‘') mu), 

I Frn,v' I ^ ^(m+l)p|(p )> 


where 5(a, b ) is 1 for a = b and 0 otherwise. 

Proof. The proof is the same as m Lemma 6.1] and (14. 10(1 follows from [22, Proposition 

2 ], □ 

Lemma 4.2. Let 2 | k and N be square free, m,n £ N and z £ C. We have 

(4.11) w AV"/W = Ag ym m (n) + O m (k~ 5/e N- 1+£ n m/4 log(2 n)r z Jn)) , 

/6m;( n ) 

where X z m (n) is the multiplicative function defined by 


\ym m (P ) 


z,v 

Finfi 


ifp\N , 
d z {p v ) u (p mv ) /VP ™ 7 if P | A/”. 


i/ere m(n) = 1 if n is a square, and D(n) =0 otherwise, and rfjji) is the multiplicative 
function defined by 


(4.12) 


rjf) : = 


<f(m+l)W (p") i/ptV 
<i|4(P‘')/P”"' /2 >/P|V 
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Proof. Write n = q" 1 ■ ■ ■ q ] f"p'\ '' ' Pr r where g/ | N for 1 ^ i ^ h and Pj \ N for 1 ^ j ^ r. 
We have according to (14.91) 


J] W / A sym m / ^ 

/ew*(iV) 


mu i mu r / r 


n = 




4(?r-"C)E'"E IT 

i/'=0 v'=0 Vj=i 

y u AA ( i r 


X 


mI71 ' Qh^bpi '"P V r r )- 


feKUN) 


ff we write q™ ui ■ ■ ■ qff Uh = g 2 q, according to (jl.3[) and using the trace formula Corollary 2.10 
in [9], we get the main term Ag ym m(n), and the error term is 


mu± mu r / r 

«E-E(H 

v\ v' r E=1 


4(^iv)(?Pl 1 • • -Pr r ) 1/4: T 2 (N) log(2 qp” 1 • ■ ■ Pr r N) 


CN- 1+e k- 5/6 n m/4 log(2 n) 


dziQi 1 ■ ■ ■ q u h h 


m 


1/2 


gk 5 / 6 q 1 / 2 p(N) 

r muj 

nEtci 

3 =1 v'-=0 


which implies (14.lip immediately by (14 .1 01) . 
We define 


□ 


oo 12 


W S y m m J* ( X ) . 


>==E 


Kym™f( n ) „- n /x 


n= 1 


n 


Lemma 4.3. Let 2 | k, N be square free, m 6 N, i ) 3 and z E C. For any e > 0, we have 


oo \z 


A *m(n) 


■sym 


Yl UfU>l ym mf(x)=^2 

n=l 

where z m = (m + l)|z| + 1. 

Proof. By the definition of Lu^ yra mj:(x) and (14. lip , we have 


~ n/x + O m ( k- 5 / 6 N~ 1+£ x m / 4 [{z m + 1) log x] Zm ) , 


00 Q—n/x 


n U f\yra m f 

/SM*(V) n =1 /6M*(W) 

Asym m ( n ) 


n 


£ sym ^ e~ n/x + O (V 5/6 fV- 1+£ ^ n m/4_1 log(2n)e“ n/a: r^(n)). 


n =1 74—1 

According to (14.12D . we have r^fn) ^ d( m .+i)p|(^)- And one has the property of dfn), 

di(n) 


n<X 


E^< E; <(-3ao' 


n<X 


Thus the sum in the error term is 


[°° log(2f)r/V^ d( ]T ^(n)n- 1 ) « m x m/4 [(z m + 1) logoff 

1 ri<t 


This completes the proof. 

The proof of the following lemma can be found in [14] . 
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Lemma 4.4. Let m e N, z G C and define z' m := (m+ l)|z| + 3. Then there exits a constant 
c = c(m) > 0 such that 


E 

(n,N)=l 


l A sym4^)l 

n a 


E exp 



log 2 + 


/ (l-c)/o- _ 1 

(1 “O’) lo S-m 


for any a e (|, 1]. Further we have 

A sym^W = Jj2 r D ( p -l jSym rn[ g ^y s[l] 2 9d9 

(n,N)=l U p\N 77 


Lemma 4.5. Let m G N, er 6 [0,1/3), x ^ 3 and 2 6 C. There exists a constant 
such that 


i that 

00 \ z (r>) / r / ~/ °'/( 1 - 0 ') _ 

E „ = M' ym „ (JV) + O exp |c4 (tog 2 4 + ^ glog _, 


c = c(m) 


- 11 

n =1 

The implied constant depends on m only. 

Proof. According to the definition of Ag ymm (n), write 
(n^ N \N) = 1, then we have 


n 


where n n \ N°° and 


Agymm(n) _ n/x Af ym m(n J v) y^ K y m™( n ^ N) ) _ njv „(n )/; 

^ n N ^ nW 

n=l njy=l (n(n),Ar)=l 

oo 

E 


We write 


_ \ ^ A sym m ( n(jV) ) -rtjyrtW/: 

/ ^777-/2+1 n (W) 

n=l (n( JV ),A r )= 1 


4(n)DAr(n m ) 


'rr 


\ ^ A sym^( n(JV) ) -nyraW/x 
n (JV) 

(n( N ) ,N)=1 


Af m (n (A A) 

-+ OCR 1 + A 0 ), 


(n( N ),N): 


R 


4 ;= 


|A“ ymm (n (Ar) )| 
2^ ra (jv) 

(1V\ -XT\ 


nW 

y«j,iv)=i 

77,(-^) >x/ri]y 
iy a ^ rn 1 > 


A 


.2 := 


(n (JV) , 
r )> 

■ G [0,1), we have 


|Asy m ™( n(JV) )l I -njvnW/x 
Z^ ra (JV) l e 

(nW,JV)=l 

n^) ^fx/riN 


(n/x] 


1 

a > 


,enima 14.41 we have 
R\ + A 2 <C 


if n > x, 

\ e -n/x_ 1 \ 


v \K ym M N> )\ f n N nW y 

2-^t n (N) l X ) 

(n( JV ),V)=1 V 7 
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and 


(4.13) 


^sym m ( n ) e ~n/x _ y^ d z {jl)^ N {n n 

/ J jy / J yym/2+1 

n —1 n =1 


According to the definition of d z (n), we have 

y 4 d~(ri)n N (n m ) yv d z (n) 

/ ^ yym/2+l—(T / -V yym/2+1- 

n =1 n =1 


TT- I" D(p-\aym m [g(d)]) z am 2 6 

L p\N nJ ° 

° ((?) ’ exp { c *™ ( l0& 4 + "Vtogl"' ) }, 


dd 


l ^ n ) <£- gC|*| 
i/2+l—o’ ^ C ' 


We complete the proof by 


□ 


-—^ r--— ~j inserting it back to (14.131) . 

Lemma 4.6. Let rj G (0, A) fixed, 1 ^ m ^ 4, 2 | k, N be square free and f G fit? (IV; rj, m). 
Then we have 

L{ 1, syrn m /) 2 = ujf ym mf(x) + 0^(x~ 1/l ° S2{kN) + x ^\ e -^fikN^ e c\z\io g3 (iokN)^ 

uniformly for x > 3 and z G C, where the constant c = c{rj) and the implied constant depends 
on r] only. 

Proof. We begin onr proof with the equation 

w sym m f (x) = J ^ L(s + 1, sym m /) 2 r(s)x s ds. 

Move the integral to the path C consisting of the straight lines joining 

k i — icx), Ki — i T, —k 2 — iT, — n 2 + i T, K\ + i T, fiq + ioo, 

where aci = 1/logic, k 2 = 1/ log 2 (/cAT) and T = log 2 (kN). Then we have 

W 2 ym mf{x) = 1/(1, sym m f) z + J L(s + 1, sym m /)T(s)x 5 ds. 

By (12.1 Op and Proposition 12.51 we get 


— [ L(s + l,sym m /)T(s)a: s ds<„ a .-« 2 e c|*|io g3 (iofcjv) 
2vn ,/ e 

+ e c ^l log 3( 10fc7V ) f 1 |r(i + « + iT)| da + e c|2|log 

J — «2 

^ _1 / log2 ( fcJV ) + x c l 2 l e _1 °g 2 ( fc7V )^ e c hl lo g3( 10fcAr ) 

by Stirling formula. 


[ |r(l - k 2 + h/)| dy+ 

li/l^r 

|r(l + Ki + ij/)|dj/ 


/|>T 


4.3. Proof of Proposition 14.11 

By Lemma [4.61 we have 

( 4 - 14 ) ^(iiSym 7 "/) 2 = w /W 2 ym-/(^) + 0„(i2i), 

feXf(N-, V ,m) f&K+{Nw,m) 
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where 


Ri = E ^-l/log^V) x c|2;| e -log 2 (fciV)^ e c|2|log3(10feJV) 

/eM+(Af;77,m) 

Then with the trace formula [9j Corollary 2.10], we have 

R\ <C (x _1 / log2 ^ fcJV ) + x c l 2 le _log2 ^ 7V ))e c l z l log 3( 10fcAr ). 

For e > 0 which is a constant given later and / G < K* k (N) we have 

u z symmf (x) = ^~ ^ L(s + 1, sjm m f) z r(s)x s ds < C(1 + e)^ 1 )!®^. 

Then considering the summation through < K k (N\ rj,m) and with the bound 

(log(fclV))- 1 < L(l, sym 2 /) < \og(kN), 


we get 

E “/<»»,(*)«, «i+ e ) (m+i)| *“ | i e (fcAf) 65 '>- 1 . 

f£X-(N-, V ,m) 

Together with (14.141) . we have 

Uf L {l,s ym m f) z = UfUZymnfix) +O v {R 2 ) : 

where 

R 2 = R 1 + ((1 + £ )(™+ 1 )| ^ z \ x £ (kNf^- 1 . 

With Lemmas 14.,31 and 14.51 we get 

E ^Lfl.sym m f)‘ = M‘ ym „(]V) + 0,(« 3 ), 

f£X+(N-, V ,m) 


where 


R 3 =x a exp | cz' rn ^log 2 z' m + 


yt _ 1 

"m __ 

^log z' m 


+ k~ 5/6 N- 1+£ x m/4 [( 2 m + 1) log x\ ~ 


+ ^ _1 / log 2( fcAr ) _|_ x dd e -Wk fc N)) e dd Io g3( 10fcA 0 _|_ -f £^ m+1 ^ ez ^x £ (kN) 65 ‘ n ~ 1 . 

Taking e = x = (kN)Tom and a = lou .^| +8 ^ , we get positive constants c 0 and 5 

depending on rj such that 

R 3 g—<5 log(kN)/ log 2 (fcA r ) 

uniformly for |z| <C c 0 log(fciV)/ \og 2 (10kN) log 3 (10/EV). 
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5. Proof of Theorem Q] 


5.1. Proof of Theorem [l](i). 

In Lemma [2.41 by taking s — 1 and T = log 4 + (kN), we can get 

logL(l,syrn m /) = + O v (log-\kN)). 

n log n 

n =1 

According to Lebesgue’s dominated convergence theorem, we have 


EE 

p 


A S ym m /(P 

p u log p u 




i~P u /T _ 0 -vp, 


/ T ) -G 0. 


for kN —> oo with 2 | k and N G Nfc(S). So we get 

^■sym ™f( n ) -n/T _ \ ^ SN ^-sym m f(p U ) -p v /T 


V ‘ - e 

f n log n 

n =1 


VV • , - - e 

Z^ pU l 0 cr pV 
p v/£ 1 

yy A. yn ,-/(p") e -^, / T +o(1) 

Z—/ i 0 g 


P 1^1 


Since P (A - ) ^ log (kN) log 2 {kN) —>■ oo as kN —> oo, we have 

y y Asyn ; ro/(pi/) e -^/ T = o(i) (&a oo). 

Z-/p'Aogp' 




Therefore we obtain 

OO 

E 


^-sy m m /( n ) -n/T Q /(P) (1 —vp/T 


n =1 


nlogn 


EE E 

i/^l O^j^m 


yy^l 1 

p\N O^j^m 


(m—2j)v 


Vp v 


+ o(l) 


a f (p) 


m-2 j 


e p/ T p 


-1 


+ 0(1) 


= ^logP(e P/T p \sym m [g(6 f (p))}) +o(l), 

p\N 

according to (14. ip with 9 G [0, n\ and ctf(p) = e l9 + p \ By (j4.2jl and (I4.5|l . we have 
y \ogD(e~ p/T p~ 1 ,sym m [g(9 f (p))}) <C ^V p/T p _1 < (logT)" 1 ->• 0, 

p>T 


p>T 

(p,N)=l 


and 


y- i ( P(e P/T p 1 , syrn m [g(9 f (p))]) \ y- 

^ V D(p-\sym m [g(6 f (p))]) J ^ 


p^T 

(p,N)=l 


1 - e~+ T 

p 


<C (logT) —>■ 0 


So we get 
(5.1) 


logL(l,sym m /) = y \ogD(p 1 ,sym m [g(9 f (p))]) + o(l). 


p^T 
(P,N )=1 
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From (15. ip and with the notation (I4.6f) . we have 


E logD(p- 1 ,sym m [. 9 (0+, p )]) + o(l) ^ log L(l, syrn m /) 

p^T 


> E logOtp-tsym^btS^D + otl). 

p^T 

(P,N )=1 

For one hand, from (j4.2[) and (14.5p . we get 

o < T log ( = ^-trfa^bW,)]) + 2 

v^(p“ ,sym m [c/(d± p )])y p 

= =Ftr(sym m |>(^ p )]) + Q 

V 

For the other hand, =)= tr (syrn m [g (^m,p)]) ^ 0, we have 

(4 T tr (syrn m [<7 ((4,p) ])) 1 < P~ 2 ■ 

Together with 

logD(p-\sym m [g(6± jP )}) -tr(sym m [</(^)])p- 1 « p' 2 
by (14.2p again, we obtain 

(5.3) ± log J D(p“ 1 ,sym m [^(^ p )]) - A±p~ x < p" 2 . 

Therefore 

{ ±l °sD(p-\sym m [g(9^ p )}) - A±p~ l ) < (Tlog T)~ l . 

p>T 

(p,N)=l 

Then we see 


(5.4) 


E >°« D {p-'^y^lsiAr)}) § ± E (± >°s B (P“‘. sym"-[ 9 (»±, p )]) - Aip-') 

p^T p 

(P,N )=1 

±Xl A ^~ 1+0 ( Y1 p ~ 2 + ( Ti °g r ) _1 +5Z p_1 )- 

per p^p-(n) p^t 

p\N 


Since N e Nfc(H) and by (14.5p . we have 

^ log D (/T 1 , syrn m [g(0± iP )]) g ±A± log (5±logT) + o(l). 

p^T 
(P,T )=1 


Put it back to (15.21) . then we get (ll.26p . If GRH holds, we choose s = l,a = | and 
T = (log(fciV)) 2+20e , and with the same method we can get (11 . 24p . 
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5.2. Proof of Theorem [l](ii). 

We use Proposition 14. II to prove Theorem Hpi) . Thanks to this proposition, for sufficiently 
large kN with 2 | k and N G Nfc(S) and r ^ clog(kN)/ \og 2 (10kN) log 3 (10AW), we have 

E ^L(l,sym’"/) ±r S* 

feX+(N-, v ,m) 


Since 

E e "/ = 1 +o(v 5 / 6 jv- i+ "), 

fGX+(N-, V ,m) /GM;(JV) 

there exist G (iV; rj, m) such that 

Lemma 5.1. For N G N*(S) and r ^ clog(AhV)/log 2 (10/ciV) log 3 (10/ciV), we /iave 
(5.5) M± r mrn {N) = M± r m m exp{0(r/ log 3 r)}. 

Proof. According to the definition of as (14.71) . we have 

M sy(n- (H = M sym m XI ^^^+7^/2 ( II “ f HpH Sym™^)])’' sill 2 9 de\ 

n>1 k i at ' JO J 


By the definitions of □at(-) and d r (-), we get 


E 

n^l 


0 N (n m )d r (n) 

n l+m/2 


n(i 

p\N 


U{ P m ) 

pm/2+1 


= exp 


He 

k V p\N 


pm/2+1 


Thanks to Lemma 14.11 we can obtain 


2 

7T 


D(p-\ sym m [g(9)}) r sm 2 6d6 = ^^ = l + 0 


v^sO 


P" 


P 


Since |/H 0 | -C r 2 , we get 


M synA N ) = M syA exp 


{°H 

k X p\N 


r 2 

H—o 


p7Tl/2-\-l p2 


So when N G Nfc(H), the 0 term follows. 


□ 


According to [22], we have 

(5.6) log M^m = -A±rlog(.B±log(j4±r)) + 

where A± and B± are positive constants defined as in (14. 5 p above. 
By taking r = clog(kN)/ log 2 (10kN) log 3 (10kN), we get (11.25(1 . 
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6. Large sieve inequality and Proof of Theorem [2] 

6.1. Large sieve inequality and application. 

The following large sieve inequality is due to Lau and Wu [13, Theorem 1], which will play 
a key role in our proof of Theorem [21 

Lemma 6.1. Let u ^ 1 be a fixed integer. We have 

A f {p u ' 2J 


10Q ! 


960^y 10/n — 

PlogP ) y J 


k(p{N) 

P<P*Z 
v\N 

uniformly for 

j^l, 2 | k, N (square free), 2 ^ P < Q ^ 2P. 

1/ere the implied constant depends on v only. 

Proof. Take b p = 1 for all p in Theorem 1 in 


/!0 \ 2 J 


logP 


Lemma 6.2. Let o G N, 2 | k and N be a square free integer. 
(i) Define 


(6.1) Vl(P,Q).= 


E 

P<p^Q 

p\N 


A/(p") 


p 


> 


10Q/ + 1) \ 

(log(fciV))(log P) J ' 


Then we have 

for 

( 6 . 2 ) 

The implied constant depends on v at most. 

(ii) Let 0 < e < 1 be an arbitrary constant. Define 


|q#(p,Q)|«„ (kN) 1 - 1 '^, 

log w (kN) < P ^ Q < 2P < exp{Vlog(fcP)}. 


(6.3) q^ ( p,g;« ): = /e^(7V ): 


E 

P<p^Q 

p\N 


Xf(p p 


p 


2„\ 1/2 


96(h + 1) 2 ^\ 

> 1 ' ;(fciv)pj 


log2( 


Then we have 


\^l(P,Q-,z)\ •<£,„ fcPexp |-c 0 (e, h 


log(fciV) 


log 


2^ 




□ 


log 2 (liV) log(fcA') y 

/or some positive constant c 0 (e, h) and for 

(6.4) £ log(fciV) ^z^P^Q^2P^ log 10 (liV). 

The implied constant depends on e and u. 

Proof. In Lemma EH1 we choose j = [ and ■> = [ looS^iy) ] in the P roof of W and 

(ii) respectively. According to the definition of ^(P, Q), we have 

A f(p uy 2J 


|y‘(ro)i«( , ( '°lf )) '° gP ) 2J E E 


10(o +1) ^ ^ p 

^ ’ 7 f&K%{N) P<p^Q F 

p\N 
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Then according to the large sieve inequality in Lemma 16.11 and 




2 j 


k(p(N) 


96(V + 1 ) 2 j 
PlogP 


+ ( kN ) 10 / n 


, we obtain 

10 Q"/ 10 \ 2j 


logP 


< kN 


j (log P) log 2 (kN) \ j Q 2p i \ 
P J + ( kN )V n J 


< (fcJV) 1 - 1/250,/ . 
Similarly, we have 


k<p(N) 


96 {y + l) 2 j 
PlogP 


+ ( kN ) w/11 


iog 


Vio \ 2 t 


logP 




,, f fjlog 2 (kN)y , \ 

(wv) (^—I—J + (WV)WJ 


£ log(kN) 


« (kN) exp (- 101l/log;(fcJV) log ) 


2z \ 


for logP ^ l\og 2 (kN) and z ^ log 2 (fclV). 


□ 


6.2. Proof of Theorem [2](i). 

In order to prove Theorem [2|i), we need a variant of Lemma [2.61 

Lemma 6.3. Let 1 ^ m ^ 4, 2 | k and N be a square free integer. Let 0 < e < 1. Then for 
e\og(kN) ^ z ^ log 10 (/EV), there exists a constant cq = cq(s), such that 


L(l, S ym”/) = n 1 


p^z 

p\N 


*f(pY 

P 


n n 

p^z 0<j<m 
p\N 


a 


f(P ) 


m—2j \ — 1 


P 


l + O 




log 2 (kN)J 


for all but O e ((kN) 1 c °( lo g[ 22 /( £lo g( fc E9])/ lo g2( fc P)) new forms f 6 !K£(iV). T/ie implied constant 
is absolute. 

Proof. Let 

x = exp Vi = log 10 (/EV), y 2 = e log (kN). 

Cut the summations in (12.15p into three parts: p ^ z or z < p ^ y\ or y\ < p ^ x. In view 
of (II.4ft . the contribution of the last part, we denote by 


h= 5Z ^f 1 

p\N 


a f (p) 


m—2j 


E 

yi^p^x 

p\N 


Mp" 

p 


E 

yi^p^x 

p\N 


P 

W 


-1 


S ^sf 1 


yi^p^x 

p\N 


a 


f(p) r 


P 


-i 


P 


+ ^(yi') hi + h2 + 0(y x x )- 
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For J 3 i, use the dyadic method, then we can write 

*» = E E A /(p’>- 1 - 




log (x/yi) 2 l ~ 1 y 1 <p^2 t y\ 


log 2 


p\N 


Dehne 


log(a;/yi) 


VL-=^:(N-,r,,m) u[J<P^(2'- 1 !/l ,2' !/ i) for ti log2 , 

t 

where fp*(P, Q) is dehned as in (16.lj) . Then Lemma [6.21 implies that 

|^| < (kN) 65ri + ^ |^(2 < - 1 j/i,2V)| < (fciV) 65 ^ + {kNy-W^y/logikN). 

t 

So for 7] G (0, y 5 q]> 

< (A;A^) 1_1 ^ 250TO)+e . 

Then if / G TC^TV) \ according to the dehnition of ^^(P, Q), we have 

A f(p m ) 


hi < 


E E 




logQPl/l) 2 e ~ 1 y 1 <p^2 e y 1 


P 


log 2 


« E 


p\N 

10 (m + 1) 


i<£< 


log(pyi) 

log 2 


log 2 (fciV) 
(log(kN)) log(2 £_1 ?/i) " log(fciV) ' 




We can estimate I32 directly by 


hi = a f(p m )p 1 < Y 1 p 3/2 ^ log 5 ( /ciV )’ 


yi^p^x 

p\N 


yi^p^x 

p\N 


according to (jl.3f) . So we get 

(6-5) *3 « 

We denote by h the contribution of z ^ p ^ y\. As before, we can write 

A ,(p m ) , A/(p m ) 


E 


E 


p L —' p 

z^p^yi 

pfjV p|W 


+ 0(z : hi + hi + 0(^ 1 ). 


For hi, use the dyadic method, then we can write 

* 21 = E E Mp m )p- 1 - 


1<E< 


log(yi/z) 2*~ 1 z<p^2^z 


log 2 


pW 


Dehne 


fPtw=^ulM( 2 '~U2 ' z ^) for 


where f}3 2 n (P, Q; 2 ) is dehned as in (16.31) . Then Lemma 16.21 implies that 

\¥m( z )\ (fciV) 1 - 1 ^ 251 " 0 + log 2 (kN)kNexpi-coh^m) ^^ log( eIog(fcjV) 

<C e (fcA^) 1 ~ cl ’*- log ^ 22//£log ^ 7V ^^ log2 ^ 7V ^ 


2z 


)} 
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where c\ = Ci(e,m) is a positive constant depends on e and m. Then if / G fK£(iV) 
according to the definition of ^l(P, Q; z ), we have 


&«E 

i 

/ 22 = 


\og 2 (kN) ■ \p¥~^z l°g2 (kN) 

1 1 
— ’ < -= < 


p\N 


P 


\fz log 2 (kN)' 


Then we have J 2 <C log 2 1 (kN). Together with (16.5ft . we obtain 

\m—2j \ — 1 


logL(l,sym”7) = E E log I 1 


p^z 07?7 m 
pfjv 


a 


/(p) ? 


P 


Ei°g 1 

P<Z ' 

p|JV 


Mp)’ 

P 


-1 


+ 0 


log 2 (fciV) 


for / G TC£(At) \ It implies the required result immediately. 


□ 


Now we are ready to prove Theorem [27 • According to Lemma [6.31 there are constants 
Co = co(e), k 0 = ko(e) and Nq = N 0 (e), such that for k ^ ko, N ^ N 0 and elog(kN) ^ z ^ 
log 10 (/EV), we can find a subset ^P% N (z) C IK^At), with 

Wexp {-c„log (jA^y) • 

such that for all / G “Kl(N) \^Pfc ; jv(+ the formula of Lemma 16.31 holds. 

For these / G W* k (N) \^ JV ( 2: ); when N G N fc (S), we have 


L(l, sym m f) ^ 1 + O 


<<1 + 0 


log 2 (kN) 

1 

log 2 (fciV) 

4 + 
z*-m. 


n 

p^z,p|./V 

i + o 


i - 


A ApY 


p 


-1 


n 

p^z,p\N 


1 - 


P 


- (m+1) 


co(N) 
P~(N) 


{ e 7 log z 


. 771+1 


^(5+(logz + O 0 )++ 


where oj(N) -C log(21V)/ log 2 (31V) is the number of prime factors of N. 
Similarly, we have 

\m—2j \ -1 


i(l,sym”7) = {1 + 0(logp(WV))} JJ II 


p^z 0<j<m 
p\N 


a f (p) r 


P 




{! + 0(i 


)} ex P { - T^E ( - logCtp-'.sym-bf^)]) - + - £ 7} 

m p^z P p^z P 


‘log 2 (kN) 

Z(B-(iogz + C 0 ))- A ~. 

Then we can complete the proof of Theorem [2]^i) by taking z = exp{log 2 (A;lV) + 0 — Co}. 
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6.3. Proof of Theorem [2](ii). 

This is an immediate consequence of lower bound part of Corollary [0 


7. Proof of Theorem [3] 


In this section, we will refine the argument of Lamzouri [12] and apply a little more tricks 
from [15] to proof Theorem [3] We only consider the case of sign —, and the other case can 
be treated in the same way. First of all, we need to improve the estimate of (15.6(1 by giving 
more precise error term. Then the following lemma is an analogue of [12], Lemma 1.1]. 


Lemma 7.1. Let 
( 


log I - 


hAx] : = 


Then we have 


7T 


exp 


'0 


log I - I exp 


tr(sym rra [^(6 > )]) 
m + 1 
tr(sym™[g(fl )]) 
m + 1 


x sin" 9 d9 


x I sin" 6 d6 — 


A; 


m + 1 


si x < 1, 


-x si x ^ 1. 


h m 0) = 


( 0(x 2 ) 


(x < 1), 


| 0(\ogx + 1) {x ^ 1). 

Proof. The proof is almost the same with [12j Lemma 1.1] in view of the following equation 
tr(sym"%(0)]) = -A~ + c m (9 - 9f ip ) 2 + 0({9 - 9~ p ) 3 ) 
for some positive constant c m and 0“ is dehned by (|4.6[) . □ 


The next lemma is an improvement of (j5.6[) . which is needed in the proof of Theorem [31 

and Mgy^m be defined as in 
Atr f .a. . ASt 


Lemma 7.2. Let m be a positive integer and M^m be defined as in (14.8ft . Then we have 


lo g M sym™ = A m rl °g( B m l °g( A m r )) + 


-1 + 


+ 0 


log(k^r) V m log(7l±r) ' ~ V( lo S r ) 2 , 

for r —> oo, where A± and B± are positive constants defined as in (14. 5ft above and and 
are given by (17.11) and (17.21) and 


:= + log 


m + 1 


?- — 
m 


— log 2 

j 5 "— m 2 ® 

Here, ,'XT m are defined by (17.51) . 

Proof. For +r, a little variant in the proof of [121 Proposition 1.2] gives 

r w - 1 

/i r 

rK(o-t 

Jo ^5-iogt«+ / -^LL- 

where 


m + 1 


(7.1) 

(7.2) 


<t:=i+ r^ dt+ 

/ 1 ^4log(di + 


■ dt, 

log t dt, 


t 





























For —r, we recall that 

M,7„» n - [* D(p-\ B ym™{ g (6)})- r S in‘‘8d8 =: 

p 0 p 

For p ^ \f{m + l)r, we write for |0 — 0“ | < 5, 

D^-^sym^g^)]) = ^(p- 1 , J*ym m fo(0- p )]) 

+ |D"(p- 1 ,sym-b(0- p )])(0 - e^ p f + 0{{9 - fl",) 3 ), 
where 5 is a small parameter chosen later. Then 


<? p - r D(p-\sym m [g(e- p )]y 


fSm.p+s / D^p sym m [< 7 ( 0 )]) 

71 Je^, P -6 \D(p~\ sym™[s(0- p )]) 


> 


sin 2 0d0 


7T J g- 

m.. r) u 


D"(p 1 , sym m [g(fl TO , p )]) 2 < n ( ( n_a- 

+ 2D(p- 1 ,sym" l [ & (0- p )]) (0 +O U 0 ) i 9de - 

—i\—( m +i) 


Since D(p 1 ,sym m [^(0)]) ^ (1+p *) m and 

^ logDp -1 ,sym m [g(0)]) « m i T log D(p~\ synT^O"„)]) = 0, 
we can write 


4-FD(p-\sym^(0- )P )]r > \l + 0[- + 5 


S 2 \ 1 _r 2 /' 0 " i -p +<5 


sin 2 0 dd. 


7r Jg- _x 

^ u m,p u 


Since 


log 


2 Dm,p~ 


sin 2 0d0 


7T 


< - log <5 + 1, 


we chose 5 ^ p/r c for some sufficiently large constant c > 0, then we get 
(7.3) log S~ r = -r log Dip- 1 , sjm m [g(9- p )]) + O m (logr). 

For p > y/(m + l)r, we have 


D( p - 1 ,sym">b(»)]) r = n(l 

3=0 ' 


2cos(m — 2j)9 | 1 

d~ o 

p p z 


r/2 


= exp 

= exp 


rtr(sym m [g(0)]) / r 


P 


+ O m ( — 

pZ 


rtr(syrn m [^(6 > )]) \ f | Q ( r_ 

p J \ A P 2 

In view of (15.311 and together with (17.311 . we have 

lo g M sym- = - r Y1 lo & D (P~ l i S y™ m [g( 9 m,p)}) 

p^(m+l)r 

+ h~((m + l) r /p)+ Om(r 1/2 ) =: S ± +S 2 + O m (r 1/2 ). 

P>y/ (m+ljr 


(7.4) 
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First we evaluate Si. In view of (j5.3|) and (14.51) . we can write 

Si = r Y ( “ lo § D (P~\ sy m m [g(6- p )}) - + r Y A mP~ l 




= A m r log(S m log(A m r)) + 


p^(m+l)r 


A m r log((m + 1)/AJ 
l og(A~r) 

^mr(log(A"/(m + l ))) 2 


+ 0 


(logr) ; 


2 ( lo g(^m r )) 2 

Following the method of Lamzouri (see [12, 1.5-1.9]) with a little more effort to precise the 
coefficient of the term l/(logr) 2 , we can obtain 

X; 1 


S 2 = 


A m r 

l °g( A A r ) 


_ 1+ —m - + Q 

m log(dl-r) + 


where 

(7.5) 


:= 1 + 


I * 


JCr := 


(logr) 2 

K( u ) 


u z 


u 


logn du. 


Inserting into (17.41) . we can complete the proof for — r. 

Remark 4. We write — 1 only for the convenience of later use. 


□ 


Now we are ready to prove Theorem [3j 
For 1 rri A 4. We define 

S’fc.ivW := 


E 

feoq(N) 

L(l,sym™/)§(B±t) ±A ™ 




E 


UJf. 


L(l,sym m /)|(B±t) ±A m 


In view of (11 .14[) and (1 1.361) . we have 

(7.6) 5 j, N m=Xw«)+o((fcAr 4/5 ). 

We only consider the case with sign —. First we write 


-,* ( + \ + A m r -1 


A m r / 


d t = A m r 


t 


1 




Y u f dt 

f£‘K+{N-r 1 ,m) 

Y oj f L(l,sym m f)- r . 

f£M+(N, V ,m) 


Together with Proposition 14.11 uniformly for |r| ^ clog(kN)/ log 2 (10/EV) log 3 (10/ciV), we get 

poo 

Jo 

Thanks to (15.51) and Lemma 17.21 on can deduce that 

pOO 

A A r / Sfc,vW tj4mr ' ldt 


(7.7) 


= (l°g(An r )) j4mr eX P 


(log(X-r) 


A m r 


C - 1 + 1— TT —\ + O 
!0g ( A m r ) 


(log r) 
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Let w be a small positive parameter to be chosen later, r = log(7l m r) + and R = re z 
Then by using (I7.7[) with R in place of r, we have 


3 r fc,jv( i )L 4mr 1( it ^ (r + w) 


' T~\~ZU 




A m (r-R) 


A~R 


T l “ m 

exp ' 


\log( A ~R) 




fit- - 1 + T- 

logA-r 


+ 0 


(log r ) 


where 

T = (t + w) A "‘‘-’- R \\og(A m R)) A ™ R = (loglA-r) + ef~ + 


^— \ A-mR 


T + W 


= 0-°g(A m r)) Arnr exp 


[ 

l log(^1 


+ w- e™srf m ) 


! (1 -e ro ) 


2e' w w£/ m — 2ws^ m — w 2 _ 


2 log (A~r) 


2 log (A~r 
1 


(log r) 


On the other hand, we also have 


A-R 


A m re ro 


4n reW J x _ 




log (A-R) log (A~r) + w log(A-r) { log (A~r) V(log r) 

Inserting these in the preceding inequality and taking w = 0/log(7l“r) for some constant 
C large enough, we find that 

poo 

?->* f+\+A^r-1, 


A m r / m ' r 

J T-\~ZU 


< (log(A m r)) A - r exp 


I. 


A m r 


llog(A-r) 

which and (17. 7[) imply that (for large constant C ) 


£f-+w-e w + -^ + 0 
logr 


(7.8) A m r £*,&(*)* mr d t^A m r mT dtexp 

J T+TZ7 </ 0 

Similarly, we can get 


(logr) 


(logr) ; 


(7.9) A~r I ^ A~r I ^(t)^" 1 dt exp 


—>* U\+A, n r-1 


(logr) J 


Thus, one can deduce from (l7.7D - 07.9p 

f*T 

r + \ + A^r -1 

(7.10) ,/t “ w 

= (log A m r) Amr exp 


/ A~r 


\log(A~r) 
Since I s non-increasing, we have 


-1 + 0 


logr 


5yv( r + w)r Amr exp{0(tur/r)} < A m r / 3 r *,&(*)* Amr 


r+tu 


34 


T—VJ 


































On the other hand, we have 

/*T ~\~ZU 


A m r / Sk&ify mT ldt < 3fc,v( r - ™)r Amr exp {0(®r/r)}. 
J T — ZO 

Considering these two inequalities together with (17. lOj) . one obtains 


( pT \ 

-— {! + 0(w) H < ^(t - G7). 

for fciV —)• oo with 2 | k and N G N fc (S) and r < log 2 (fciV) — log 3 (fciV) — log 4 (fciV) — |cn, 
where Cu := 2( — log(cA“) — «£^) is a positive constant. 

For any t ^ log 2 (fciV) — log 3 (fciV) — log 4 (fciV) — cn, we apply (17. lip with T\ — t — w and 
T 2 = t + w to write 


( 0^ ro 1 \ 

- i 1 + 0{w)}J = exp 

( 0 ^- j~Z7 \ 

- t + ZJ i 1 + °M}) = ex P 

Together with (17.61) and the following equality 

^ W/ = l + 0(/T 5/6 iV- 1+£ ), 

/ewj(JV) 


{1 + O(w)}^, 
{l + 0(w)} 


the estimate for ^ kN (t, sym m ) follows. 
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